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a b s t r a c t
In this paper, we consider a kind of sums involving Cauchy numbers, which have not been
studied in the literature. By means of the method of coefficients, we give some properties
of the sums.We further derive some recurrence relations and establish a series of identities
involving the sums, Stirling numbers, generalized Bernoulli numbers, generalized Euler
numbers, Lah numbers, and harmonic numbers. In particular, we generalize some relations
between twokinds of Cauchynumbers and some identities for Cauchynumbers and Stirling
numbers.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In the book of Comtet [2], two kinds of Cauchy numbers are introduced: The first kind is given by
an =
∫ 1
0
(x)ndx
and the second kind is given by
bn =
∫ 1
0
〈x〉ndx,
where n is a nonnegative integer and
(x)n =
{
x(x− 1) · · · (x− n+ 1), n ≥ 1,
1, n = 0,
〈x〉n =
{
x(x+ 1) · · · (x+ n− 1), n ≥ 1,
1, n = 0,
and the exponential generating functions for {an} and {bn} are respectively (see [2]):
a(t) =
∞∑
n=0
an
tn
n! =
t
ln(1+ t) ,
b(t) =
∞∑
n=0
bn
tn
n! =
−t
(1− t) ln(1− t) .
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Cauchy numbers play important roles in some fields such as approximate integrals and difference–differential equations.
See [1,5,6,9] formore details. Moreover, Cauchy numbers are also related to some famous numbers such as Stirling numbers,
Bernoulli numbers, and harmonic numbers. Therefore, Cauchy numbers deserve to be investigated.
Recently, Merlini et al. [7] give many properties of Cauchy numbers in terms of generating functions and Riordan arrays,
and they further present some new identities relating these numbers with Stirling, Bernoulli and harmonic numbers. The
purpose of this paper is to investigate sums involving Cauchy numbers. We will mainly study the sums with the following
forms:
Xn,k = n!
∑
i1+i2+···+ik=n
ai1ai2 · · · aik
i1!i2! · · · ik! , Yn,k = n!
∑
i1+i2+···+ik=n
bi1bi2 · · · bik
i1!i2! · · · ik! ,
where k is a positive integer. Clearly, Xn,1 = a1 and Yn,1 = bn. The Xn,k’s and Yn,k’s constitute two infinite arrays. It is obvious
that the first column of two infinite arrays are {an} and {bn}, respectively. All elements of the first row of two infinite arrays
are 1. Since there seems no publication to investigate these sums with k ≥ 2 in the literature, we focus on the general case
in this paper.
The paper is organized as follows. In Section 2, by making use of the ‘‘method of coefficients’’, we discuss the properties
of Xn,k and Yn,k. Furthermore, we derive some recurrence relations for Xn,k and Yn,k, and give closed forms of Xn,2 and Xn,3.
When k is fixed, we give the asymptotic values of Xn,k and Yn,k. In Section 3, we establish a series of identities involving
Xn,k, Yn,k, Stirling numbers, generalized Bernoulli numbers, and generalized Euler numbers. In particular, some well-known
identities for Cauchy numbers and Stirling numbers are generalized. In Section 4, we obtain some identities related to Xn,k,
Yn,k, and Lah numbers. In addition, in Section 5, we prove some identities involving Xn,k, Yn,k, and harmonic numbers, and
give the asymptotic expansion of certain sums involving Xn,k, Yn,k, and harmonic numbers.
For convenience, we recall some definitions and notations involved in the paper. Throughout, we denote signless Stirling
numbers of the first kind and Stirling numbers of the second kind by
[ n
k
]
and { nk }, respectively, and let B(k)n , E(k)n , andHn stand
for generalized Bernoulli numbers, generalized Euler numbers, and harmonic numbers. That is,
∞∑
n=k
(−1)n−k
[n
k
] tn
n! =
lnk(1+ t)
k! ,
∞∑
n=k
{n
k
} tn
n! =
(et − 1)k
k! ,
∞∑
n=0
B(k)n
tn
n! =
tk
(et − 1)k ,
∞∑
n=0
E(k)n
tn
n! =
2k
(et/2 + e−t/2)k ,
∞∑
n=1
Hntn = − ln(1− t)1− t .
B(1)n and E
(1)
n are the Bernoulli numbers Bn and the Euler numbers En, respectively. Moreover, Lah numbers Ln,k are defined
by
Ln,k = (−1)n
(
n− 1
k− 1
)
n!
k! , n ≥ k ≥ 1.
The double generating function for Ln,k is
exp{tu(1− t)−1} = 1+
∑
1≤k≤n
Ln,k
(−t)nuk
n! .
Naturally, the vertical generating function of Ln,k is
∞∑
n=k
Ln,k
tn
n! =
(−t)k
k!(1+ t)k . (1.1)
It is obvious that L0,0 = 1 and Ln,0 = 0 for n ≥ 1.
In this paper, we let [tn] f (t) denote the coefficient of tn in f (t), where
f (t) =
∞∑
n=0
fntn.
[tn] are called the ‘‘coefficient of ’’ functionals [8]. If f (t) and g(t) are formal power series, the following relations hold [8]:
[tn](αf (t)+ βg(t)) = α[tn] f (t)+ β[tn]g(t),
[tn]tf (t) = [tn−1] f (t),
3832 F.-Z. Zhao / Discrete Mathematics 309 (2009) 3830–3842
[tn] f ′(t) = (n+ 1)[tn+1] f (t),
[tn] f (t)g(t) =
n∑
k=0
([yk] f (y))[tn−k]g(t),
[tn] f (g(t)) =
∞∑
n=0
([yk] f (y))[tn]gk(t).
It is clear that
Xn,k = n![tn]ak(t) = n![tn] t
k
lnk(1+ t) ,
Yn,k = n![tn]bk(t) = n![tn] (−t)
k
(1− t)k lnk(1− t) .
2. Properties of Xn,k and Yn,k
In this section, we establish some recurrence relations for Xn,k and Yn,k, and give the asymptotic expansion of Xn,k and
Yn,k when k is fixed.
Cauchy numbers an and bn satisfy (see [2])
an =
n∑
k=1
(−1)k−1(n)kan−k
k+ 1 , bn =
n∑
k=1
(n)kbn−k
k+ 1 .
For Xn,k and Yn,k, we have the following results.
Theorem 2.1. Let n ≥ 2. Then we have
Xn,2 = −(n− 1)an − n(n− 2)an−1, (2.1)
Xn,3 = n(n− 1)(n− 3)
2an−2
2
+ n(n− 2)(2n− 5)an−1
2
+ (n− 1)(n− 2)an
2
, (2.2)
Xn,k =
n∑
j=0
(
n
j
)
Xj,k−1an−j, k ≥ 4,
where X1,2 = 1 and X1,3 = 32 .
Proof. One can verify that
a′(t) = 1
ln(1+ t) −
t
(1+ t) ln2(1+ t)
a2(t) = (1+ t)a(t)− t(1+ t)a′(t)
a3(t) = t
2(1+ t)2a′′(t)
2
− t(t + 1)(t + 2)a
′(t)
2
+ (t + 1)(t + 2)a(t)
2
.
Then
Xn,2 = n![tn]a2(t) = n![tn](1+ t)a(t)− n![tn]t(1+ t)a′(t)
= n![tn]a(t)+ n![tn−1]a(t)− n![tn−1]a′(t)− n![tn−2]a′(t)
= an + nan−1 − nan − n(n− 1)an−1
= −(n− 1)an − n(n− 2)an−1,
Xn,3 = n![tn]a3(t) = n!2 [t
n−4]a′′(t)+ n![tn−3]a′′(t)+ n!
2
[tn−2]a′′(t)− n!
2
[tn−3]a′(t)
− 3n!
2
[tn−2]a′(t)− n![tn−1]a′(t)+ n!
2
[tn−2]a(t)+ 3n!
2
[tn−1]a(t)+ n![tn]a(t)
= n(n− 1)(n− 3)
2an−2
2
+ n(n− 2)(2n− 5)an−1
2
+ (n− 1)(n− 2)an
2
,
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Xn,k = n![tn]ak(t)
= n!
n∑
j=0
[t j]ak−1(t)[tn−j]a(t)
= n!
n∑
j=0
Xj,k−1
j! ·
an−j
(n− j)!
=
n∑
j=0
(
n
j
)
Xj,k−1an−j. 
We note that (2.1) and (2.2) provide explicit representations of Xn,2 and Xn,3 in terms of an. According to the values of an,
we can compute Xn,2 and Xn,3.
Now we discussed Xn,k and Yn,k in connection with the Bell polynomials. We know that the potential polynomials
P (r)n (g1, g2, . . . , gn) [2] are defined by( ∞∑
n=0
gn
tn
n!
)r
=
(
1+ g1t + g2 t
2
2! + · · ·
)r
= 1+
∞∑
n=1
P (r)n (g1, g2, . . . , gn)
tn
n! ,
where r is a complex number. For n ≥ 1, by the definition of the potential polynomials we have
Xn,k = P (k)n (a1, a2, . . . , an),
Yn,k = P (k)n (b1, b2, . . . , bn).
Noting that the Bell polynomials Bn,k(g1, g2, . . .) and the potential polynomials P
(r)
n (g1, g2, . . .) satisfy that
P (r)n (g1, g2, . . . , gn) =
n∑
j=1
(r)jBn,j(g1, g2, . . .),
we have
Xn,k =
n∑
j=1
(k)jBn,j(a1, a2, . . .), Yn,k =
n∑
j=1
(k)jBn,j(b1, b2, . . .).
For Xn,k, we have another recurrence relation.
Theorem 2.2. Let n ≥ 2. Then
(n− k)Xn,k + n(n− 1− k)Xn−1,k = −kXn,k+1. (2.3)
Proof. We can show that
∞∑
n=1
Xn,k
tn−1
(n− 1)! = ka
k−1(t)a′(t)
= ka
k(t)
t
− ka
k+1(t)
t(1+ t) .
Then
∞∑
n=1
Xn,k
tn−1
(n− 1)! +
∞∑
n=1
Xn,k
tn
(n− 1)! =
k(1+ t)ak(t)
t
− ka
k+1(t)
t
,
Xn,k
(n− 1)! +
Xn−1,k
(n− 2)! = k[t
n−1] (1+ t)a
k(t)
t
− k[tn−1]a
k+1(t)
t
= k[tn]ak(t)+ k[tn−1]ak(t)− k[tn]ak+1(t)
= kXn,k
n! +
kXn−1,k
(n− 1)! −
kXn,k+1
n! .
Hence (2.3) holds. 
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Merlini et al. have shown that
(n+ 1)bn = (−1)nn!
n−1∑
j=1
|bj|
j! −
n−1∑
j=1
(
n
j
)
bjbn−j.
See Theorem 2.5 of [7]. We next consider Yn,k for general case where k ≥ 2.
Theorem 2.3. Let n ≥ 2. Then we have
Yn,2 = nYn−1,2 − (−1)n(n− 1)an, (2.4)
Yn,3 = 3nYn−1,3 − 3n(n− 1)Yn−2,3 + n(n− 1)(n− 2)Yn−3,3
− (n
2 − n+ 1)bn
2
+ n(2n
2 − 9n+ 11)bn−1
2
− n(n− 1)(n
2 − 8n+ 14)bn−2
2
, n ≥ 3
Yn,k =
n∑
j=0
(
n
j
)
Yj,k−1bn−j, k ≥ 4,
where Y1,2 = 1.
Proof. For this Theorem, we only give the proof of (2.4) and other proofs follow the same pattern. On can verify that
−(1− t)b2(t) = (t − t2)b′(t)− b(t).
Then
−Yn,2 + nYn−1,2 = nbn − n(n− 1)bn−1 − bn.
Noting that bn − nbn−1 = (−1)nan, we have (2.4). 
Theorem 2.4. Let n ≥ 2 and k ≥ 1. Then
(k− n)Yn,k + n(n− 1)Yn−1,k = kYn,k+1 − nkYn−1,k+1.
The proof of Theorem 2.4 is similar to that of Theorem 2.2, and is omitted here.
There are some relations between two kinds of Cauchy numbers. For example, an and bn satisfy that (see formula (2.3) of
[7]):
n∑
j=0
(−1)n−j
(
n
j
)
ajbn−j = (1− n)an. (2.5)
For Xn,k and Yn,k, we have:
Theorem 2.5. Let n ≥ 2. Then
Yn,k
n! =
n∑
j=0
(
n− j+ k− 1
n− j
)
(−1)jXj,k
j! ,
Xn,k
n! =
k∑
j=0
(
k
j
)
(−1)n−k+jYn−k+j,k
(n− k+ j)! .
Proof. By definitions of Yn,k and Xn,k, we have
Yn,k
n! = (−1)
n[tn]bk(−t)
= (−1)n
n∑
j=0
[tn−j] 1
(1+ t)k [t
j]ak(t)
= (−1)n
n∑
j=0
(−k)n−j
(n− j)! ·
Xj,k
j!
=
n∑
j=0
(
n− j+ k− 1
n− j
)
(−1)jXj,k
j! ,
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Xn,k
n! = [t
n]ak(t)
= [tn](1+ t)kbk(−t)
= [tn]
(
k∑
j=0
(
k
j
)
tk−jbk(−t)
)
=
k∑
j=0
(
k
j
)
[tn−k+j]bk(−t)
=
k∑
j=0
(
k
j
)
(−1)n−k+jYn−k+j,k
(n− k+ j)! . 
Theorem 2.6. Let n and k be positive integers with n ≥ k. Then the relationship
n∑
j=0
(−1)n−j
(
n
j
)
Xj,kYn−j,k = n!
k∑
j=0
(
k
j
)
(−1)n−k+jYn−k+j,2k
(n− k+ j)! (2.6)
holds for Xn,k and Yn,k.
Proof.
n∑
j=0
(−1)n−j
(
n
j
)
Xj,kYn−j,k = n!
n∑
j=0
[t j]ak(t)[tn−j]bk(−t)
= n![tn] t
2k
(1+ t)k ln2k(1+ t)
= n!
k∑
j=0
(
k
j
)
[tn]tk−jb2k(−t)
= n!
k∑
j=0
(
k
j
)
[tn−k+j]b2k(−t)
= n!
k∑
j=0
(
k
j
)
(−1)n−k+jYn−k+j,2k
(n− k+ j)! . 
When k = 1 in (2.6), we have from (2.4) that
n∑
j=0
(−1)n−j
(
n
j
)
ajbn−j = (−1)nYn,2 + (−1)n−1nYn−1,2 = (1− n)an.
This means that (2.6) generalizes (2.5).
In the rest of this section, we discuss the asymptotic values of Xn,k and Yn,k when k is fixed. We first recall a lemma [4].
Lemma 2.1. Let α and β be real numbers with α 6∈ Z≥0, and
L(z) = ln 1
1− z .
When n→∞,
[zn](1− z)αLβ(z) ∼ 1
Γ (−α)n
−α−1 lnβ n. (2.7)
From [2], we know that
an
n! ∼
(−1)n+1
n ln2 n
, (2.8)
bn
n! ∼
1
ln n
. (2.9)
For Yn,k and Xn,k, we have
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Theorem 2.7. Let k be fixed. When n→∞,
Yn,k
n! ∼
nk−1
(k− 1)! lnk n , (2.10)
Xn,k
n! ∼
(−1)n+1k
n lnk+1 n
. (2.11)
Proof. It follows from (2.7) that
Yn,k
n! ∼
(n− k)k−1
Γ (k) lnk(n− k) .
Noting that k is fixed and Γ (k) = (k− 1)!, we have (2.10).
Now we prove (2.11) by the method of [3]. Let
fn = (−1)
nXn,k
n! ,
f (z) = (−z)
k
lnk(1− z) .
It is obvious that
∞∑
n=0
fnzn = f (z).
We evaluate the Cauchy integral giving the coefficients fn along the positively oriented contour C = γ1 ∪ γ2 ∪ γ3 ∪ γ4. That
is
fn = 12pi i
∮
C
f (z)
zn+1
dz,
where γ3 is an arc of the circle with radius 2, the rest of the contour being an open loop around [1, 2] at distance 1/n, and
γ1 =
{
z = 1+ u
n
∣∣∣ u = eiθ , θ ∈ [−pi
2
,+pi
2
]}
γ2 =
{
z = 1+ u+ i
n
∣∣∣∣ u ∈ [0, n]}
γ3 =
{
z||z| =
(
4+ 1
n2
)1/2
,R(z) ≤ 2
}
γ4 =
{
z = 1+ u− i
n
∣∣∣∣ u ∈ [0, n]} .
Let
f (3)n =
1
2pi i
∫
γ3
f (z)
zn+1
dz.
One can verify that
f (3)n = O(2−n).
Let f (124)n denote the contribution from the rest of the contour: γ1∪γ2∪γ4. Naturally, fn = f (3)n + f (124)n . Consider the change
of variable z = 1 + u/n, and let D1 be the contour on which u varies: D1 is an open loop at distance 1 from the segment
[0, n] of the positive real axis. We obtain
n lnk nf (124)n =
1
2pi i
∫
D1
(
1+ u
n
)−n−1+k [
1− k ln(−u)
ln n
+
∞∑
j=2
(−k)j lnj(−u)
j! lnj n
]
du.
Let D ′1 be the part of the contour D1 with |u| ≤ ln2 n. One can verify that
1
2pi i
∫
D1−D′1
(
1− ln(−u)
ln n
)k (
1+ u
n
)−n−1+k
du = O
(
e− ln
2 n/2
)
,
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1
2pi i
∫
D′1
(
1+ u
n
)−n−1+k ∞∑
j=2
(−k)j lnj(−u)
j! lnj n du = O
(
ln ln n
ln2 n
)
.
Then
n lnk nf (124)n =
1
2pi i
∫
D′1
(
1− k ln(−u)
ln n
)(
1+ u
n
)−n−1+k
du+ O
(
ln ln n
n2
)
.
Noting that
lim
n→∞
1
2pi i
∫
D′1
(
1+ u
n
)−n−1+k
du = − 1
2pi i
∫ (0+)
∞
e−udu
= 0,
lim
n→∞
1
2pi i
∫
D′1
(
1+ u
n
)−n−1+k
ln(−u)du = − 1
2pi i
∫ (0+)
∞
e−u ln(−u)du
= 1,
we have (2.11). 
Clearly, (2.10)–(2.11) are the generalization of (2.8)–(2.9), respectively.
3. Identities involving Xn,k and Yn,k , Stirling numbers, generalized Bernoulli numbers, and generalized Euler numbers
From [2], we know that an, bn,
{ n
k
}
and
[ n
k
]
satisfy
n∑
j=0
aj
{
n
j
}
= 1
n+ 1 , (3.1)
n∑
j=0
(−1)jbj
{
n
j
}
= (−1)
n
n+ 1 , (3.2)
an =
n∑
j=0
(−1)n−j
[
n
j
]
1
j+ 1 , (3.3)
bn =
n∑
j=0
[
n
j
]
1
j+ 1 . (3.4)
The exponential generating functions of Xn,k and Yn,k suggest that they are also related to Stirling numbers. In this section,
we present a series of identities for Xn,k, Yn,k, and Stirling numbers. In particular, we give some generalizations of (3.1)–(3.4).
In addition, we establish some identities involving Xn,k, generalized Bernoulli numbers, and generalized Euler numbers. For
Xn,k, Yn,k,
{ n
k
}
, and
[ n
k
]
, we have
Theorem 3.1. When n ≥ 0, Xn,k, Yn,k,
{ n
k
}
and
[ n
k
]
satisfy that
n∑
j=0
(
n+ k
j
)
(−1)n−j
[
n− j+ k
k
]
Xj,k = δn,0, (3.5)
n∑
j=0
(
n+ k
j
)[
n− j+ k
k
]
Yj,k = (−1)n
(
n+ k− 1
n
)
(n+ k)!
n! , (3.6)
n∑
j=0
{
n
j
}
Xj,k =
{n
k
}(n+ k
k
)−1
, (3.7)
n∑
j=0
(−1)j
{
n
j
}
Yj,k = (−1)n
{n
k
}(n+ k
k
)−1
. (3.8)
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Proof.
n∑
j=0
(
n+ k
j
)
(−1)n−j
[
n− j+ k
k
]
Xj,k = (n+ k)!k!
n∑
j=0
(−1)n−jk!
(n− j+ k)!
[
n− j+ k
k
]
Xj,k
j!
= (n+ k)!
k!
n∑
j=0
[tn−j]a−k(t)[t j]ak(t)
= (n+ k)!
k! [t
n]1
= δn,0.
The proof of (3.6) is similar to that of (3.5), and is omitted here.
Now we prove (3.7).
n∑
j=0
{
n
j
}
Xj,k = n!
n∑
j=0
j!
n!
{
n
j
}
Xj,k
j!
= n![tn] [ak(y)|y = et − 1]
= n![tn+k](et − 1)k
= n!k!
(n+ k)!
{
n+ k
k
}
=
{
n+ k
k
}(
n+ k
k
)−1
.
Following the same method, we have (3.8). 
Theorem 3.1 establishes some relations among Xn,k, and Yn,k, and Stirling numbers. One can easily see that (3.7) and (3.8)
are generalizations of (3.1) and (3.2), respectively.
Corollary 3.1. Let n be a positive integer. Then
n∑
j=0
(−1)n−j
[
n
j
]{
j+ k
k
}(
j+ k
k
)−1
= Xn,k, (3.9)
n∑
j=0
[
n
j
]{
j+ k
k
}(
j+ k
k
)−1
= (−1)nYn,k. (3.10)
Proof. Since the proof of (3.10) is similar to that of (3.9), we only prove (3.9).
Xn,k = n![tn]
[
(ey − 1)k
yk
|y = ln(1+ t)
]
= n![tn]
∞∑
m=0
k!
(m+ k)!
{
m+ k
k
}
lnm(1+ t)
= n![tn]
∞∑
m=0
k!
(m+ k)!
{
m+ k
k
} ∞∑
p=0
(−1)pm!
(p+m)!
[
p+m
m
]
tp+m
=
n∑
j=0
(−1)n−j
[
n
j
]{
j+ k
k
}(
j+ k
k
)−1
. 
We note that Corollary 3.1 gives explicit representations of Xn,k and Yn,k in terms of Stirling numbers and binomial
coefficients. Obviously, (3.9) and (3.10) are generalizations of (3.3) and (3.4), respectively.
In [7], the following identities for Cauchy numbers and Bernoulli numbers are established:
n∑
k=1
{n
k
} bk
k
= −B
(1)
n
n
, n ≥ 2,
n∑
k=1
(−1)n−k
[n
k
] B(1)n
k
= −bn
n
, n ≥ 1.
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We next give some identities for Xn,k, generalized Bernoulli numbers, and generalized Euler numbers.
Theorem 3.2. Let n ≥ 1. Then
n∑
j=0
(−1)n−j
[
n
j
] B(2)j+2
(j+ 1)(j+ 2) =
an+1
n+ 1 −
Xn+2,2
(n+ 2)(n+ 1) , (3.11)
n∑
j=0
{
n
j
}
(j+ 2)aj+1 − Xj+2,2
(j+ 1)(j+ 2) =
B(2)j+2
(j+ 1)(j+ 2) , (3.12)
n∑
j=0
(−1)n−j
[
n
j
] E(2)j+2
(j+ 1)(j+ 2) = −n!
n∑
j=0
(−1)j(n− j+ 1)Xj,2
j!2n−j+2 . (3.13)
Proof. For the sequences {fn} and {gn}, it is well known that the following inversion relationships hold:
fn =
n∑
j=0
{
n
j
}
gj ⇔ gn =
n∑
j=0
(−1)n−j
[
n
j
]
fj. (3.14)
Hence we first prove that (3.11) holds. It follows from the definition of B(2)n that
∞∑
n=0
B(2)n+2
yn
(n+ 2)! =
1
y
− 1
y2
+ 1
(ey − 1)2 .
Then
n∑
j=0
(−1)n−j
[
n
j
] B(2)j+2
(j+ 1)(j+ 2) =
n∑
j=0
(−1)jj!
[
n
j
] B(2)j+2
(j+ 2)!
= n![tn]
[ ∞∑
n=0
B(2)n+2
yn
(n+ 2)! |y = ln(1− t)
]
= n![tn]
[
1
ln(1− t) −
1
ln2(1− t) +
1
t2
]
= −n![tn+1]a(−t)− [tn+2]a2(−t)
= − (−1)
n+1an+1
n+ 1 −
(−1)n+2Xn+2,2
(n+ 2)(n+ 1) .
Then (3.11) holds. Due to (3.14), (3.12) hold. The proof of (3.13) is similar to that of (3.11), and is omitted. 
4. Identities involving Xn,k , Yn,k , and Lah numbers
From [2] or [10], we know that Lah numbers Ln,k satisfy that
(−1)n〈x〉n =
n∑
k=0
Ln,k(x)k, (4.1)
fn =
n∑
k=0
Ln,kgk ⇔ gn =
n∑
k=0
Ln,kfk. (4.2)
By (4.1) and (4.2), two relations for an and bn are easily deduced:
(−1)nbn =
n∑
k=0
Ln,kak,
an =
n∑
k=0
(−1)kLn,kbk.
For Xn,k, Yn,k, and Lah numbers, we have
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Theorem 4.1. Xn,k, Yn,k, and Lah numbers Ln,k (n ≥ 1, k ≥ 1) satisfy that
n∑
j=0
(
n+ k
j
)
Xj,kLn−j+k,k = (−1)n+k
(
n+ k
k
)
Yn,k,
n∑
j=0
(
n+ k
j
)
Yj,k
[
n− j+ k
k
]
= (−1)
n−k(n+ k)!
n! Ln,k.
Proof. By (1.1), we have
n∑
j=0
(
n+ k
j
)
Xj,kLn−j+k,k = (n+ k)!
n∑
j=0
Xj,k
j! ·
Ln−j+k,k
(n− j+ k)!
= (n+ k)!
n∑
j=0
[t j]ak(t)[tn−j+k] (−t)
k
k!(1+ t)k
= (−1)
k(n+ k)!
k!
n∑
j=0
[t j]ak(t)[tn−j] 1
(1+ t)k
= (−1)
k(n+ k)!
k! [t
n]bk(−t)
= (−1)
n+k(n+ k)!Yn,k
n!k! ,
n∑
j=0
(
n+ k
j
)
Yj,k
[
n− j+ k
k
]
= (−1)
n(n+ k)!
k!
n∑
j=0
(−1)jYj,k
j! ·
(−1)n−jk!
(n− j+ k)!
[
n− j+ k
k
]
= (−1)
n(n+ k)!
k!
n∑
j=0
[t j]bk(−t)[tn−j] lnk(1+ t)
= (−1)
n(n+ k)!
k! [t
n] t
k
(1+ t)k
= (−1)
n(n+ k)!
k! [t
n−k] 1
(1+ t)k
= (−1)
k(n+ k)!
k!
(
n− 1
n− k
)
= (−1)
n−k(n+ k)!
n! Ln,k,
Hence Theorem 4.1 holds. 
5. Certain sums involving Xn,k , Yn,k , and harmonic numbers
Merlini et al. [7] showed that
1+
∞∑
k=1
(−1)k−1Hkak
k!k =
pi2
6
.
In this section, we discuss the finite sums involving Xn,k, Yn,k, and harmonic numbers. By the generating functions of Xn,k,
Yn,k, and harmonic numbers, we can easily obtain two identities for Cauchy numbers and harmonic numbers:
Theorem 5.1. Let n ≥ 1. Then an, bn, and harmonic numbers Hn satisfy that
n∑
j=0
Hj+1
(−1)n−jan−j
(n− j)! = −1,
n∑
j=0
Hj+1
bn−j
(n− j)! = n+ 1.
We omit its proof here.
For Xn,k, Yn,k, and harmonic numbers Hn, we have the following results.
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Theorem 5.2. Let n ≥ 0. Then Xn,k, Yn,k, and harmonic numbers Hn satisfy that
n∑
j=0
(−1)jXj,2Hn−j+1
j!(n− j+ 2) = δn,0, (5.1)
n∑
j=0
Yj,2Hn−j+1
j!(n− j+ 2) =
n+ 1
2
. (5.2)
Proof. We now prove (5.1). By means of the definition of harmonic numbers, we have
∞∑
n=0
Hn+1
tn
n+ 2 =
ln2(1− t)
2t2
.
Then
n∑
j=0
(−1)jXj,2Hn−j+1
j!(n− j+ 2) =
n∑
j=0
[t j]a2(−t)[tn−j] ln
2(1− t)
2t2
= [tn]1
2
= δn,0.
The proof of (5.2) follows the same pattern and is omitted here. 
Theorem 5.3. Let k be fixed with k ≥ 2. When n→∞, we have
n∑
j=0
Hj+1
(−1)n−jXn−j,k
(n− j)! ∼
1
lnk−1 n
,
n∑
j=0
Hj+1
Yn−j,k
(n− j)! ∼
nk
k! lnk−1 n .
Proof.
n∑
j=0
Hj+1
(−1)n−jXn−j,k
(n− j)! =
n∑
j=0
[t j] ln(1− t)−t(1− t) [t
n−j]ak(−t)
= [tn] (−t)
k−1
(1− t) lnk−1(1− t)
= [tn−k+1] L
−k+1(t)
1− t .
n∑
j=0
Hj+1
Yn−j,k
(n− j)! =
n∑
j=0
[t j] ln(1− t)−t(1− t) [t
n−j]bk(t)
= [tn] t
k−1L−k+1(t)
(1− t)k+1
= [tn−k+1] L
−k+1(t)
(1− t)k+1 .
By using (2.7), we have
n∑
j=0
Hj+1
(−1)n−jXn−j,k
(n− j)! ∼ ln
−k+1(n− k+ 1)
∼ 1
lnk−1 n
,
n∑
j=0
Hj+1
Yn−j,k
(n− j)! ∼
(n− k+ 1)k ln−k+1(n− k+ 1)
Γ (k+ 1)
∼ n
k
k! lnk−1 n . 
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6. Conclusions
We have proved a number of identities involving Cauchy numbers, Stirling numbers, generalized Bernoulli numbers,
generalized Euler numbers, harmonic numbers, and Lah numbers. In a similar way, we may consider the rth kind of Cauchy
numbers c[r]n (see [7]), which is defined by
∞∑
n=0
c[r]n
tn
n! =
t(1+ t)1−r
ln(1+ t) ,
where r is an integer. It is obvious that c[1]n = an and c[2]n = (−1)nbn. In [7], a relation between c[r]n and binomial coefficients
is derived:
n∑
k=1
(n
k
) c[r]k
k! =
(−1)nc[4−r]n
n! .
In a similar way, one can discuss the following sum:
n!
∑
i1+i2+···+ik=n
c[r]i1 c
[r]
i2
· · · c[r]ik
i1!i2! · · · ik! .
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